In this paper, we work with a diffusion-perturbed risk model comprising a surplus generating 1 process and an investment return process. The investment return process is of standard Black-Scholes 2 type, that is, it comprises a single risk-free asset that earns interest at a constant rate and a single risky 3 asset whose price process is modelled by a geometric Brownian motion. Additionally, the company is 4 allowed to purchase noncheap proportional reinsurance priced via the expected value principle. Using 5 the Hamilton-Jacobi-Bellman approach, we derive a second-order Volterra integrodifferential equation 6 which we transform into a linear Volterra integral equation of the second kind. We proceed to solve this 7 integral equation numerically using the block-by-block method for the optimal reinsurance retention 8 level that minimizes the ultimate ruin probability. The numerical results based on light-and heavy-tailed 9 distributions show that proportional reinsurance and investments play a vital role in enhancing the 10 survival of insurance companies. But the ruin probability exhibits sensitivity to the volatility of the stock 
used for solving the Volterra integral equation. In Section 5, we present numerical results and examples 127 based on light-and heavy-tailed distributions. Finally, in Section 6 we give some concluding remarks and possible extensions to this work.
129

The Models
130
To give a rigorous mathematical formulation of the problem, we assume that all stochastic quantities are defined on a complete filtered probability space (Ω, F ,{F t } t∈R + , P) satisfying the usual conditions, i.e. the filtration {F t } t∈R + , which represents the information available at time t and forms the basis for all decision-making, is right-continuous and P-complete. Right-continuity is necessary for ensuring that the ruin time defined later in this section is a stopping time. The risk process considered in this paper is made up of two important processes: the insurance process and the investment-generating process. In the absence of reinsurance, the insurance process {P t } t∈R + is given by the diffusion-perturbed model
where the process S = {S t } t∈R + defined as
is a compound Poisson process representing the aggregate claims made by policyholders. Here, the 131 premiums are assumed to be calculated according to the expected value premium principle and to be 132 collected continuously over time at a constant rate c = (1 + η)λµ > 0, where η > 0 is the relative safety 133 loading of the insurer. W 1 is a one-dimensional standard Brownian motion independent of the compound
134
Poisson process S t , {N t } is a homogeneous Poisson process with constant intensity λ and the claim sizes
135
{X i } i∈N are a sequence of strictly positive i.i.d. random variables. We assume that the processes {X i } i∈N ,
136
{N t } t∈R + and {W 1,t } t∈R + are mutually independent. We denote by F the distribution function of X i , by 137 µ = E[X i ] its first moment and by M X (t) = E e tX i its moment-generating function. We will assume that 138 F(0) = 0 and that at least one of σ 1 or λ is non-zero.
139
The diffusion term σ 1 W 1 in the basic model (1) has been interpreted in a two-fold manner in the 140 literature. On the one hand, σ 1 W 1 could be understood as standing for the uncertainty or random 141 fluctuations associated with the insurance process at time t (the U-S case). This means that the aggregate or the economic environment (the A-C case), so that the aggregate claims process isŜ t = S t − σ 1 W 1,t (see,
e.g., [6] ). It should be noted that, given an initial surplus u, when there is no volatility in the surplus and 146 claim amounts (i.e., when σ 1 = 0), Equation (1) becomes the well-known classical risk process (or the
Cramér-Lundberg model).
148
Given that the insurer controls its insurance risk by taking QS proportional reinsurance at a retention level k ∈ [0, 1], the insurance process in the presence of QS reinsurance is now
with dynamics dP 
is the reinsurer's safety loading.
155
In order for the net profit condition (NPC) to be fulfilled, that is, obtained the minimal probability of ruin as well as the optimal proportional reinsurance strategy using the 161 dynamic programming approach, while cheap reinsurance (i.e., θ = η) was considered in Schmidli [25] 162 who allowed for investment in a risky asset and obtained, by means of an HJB equation, the optimal 163 reinsurance and investment strategies for minimizing the ultimate ruin probability.
164
Suppose the insurer invests part of its surplus, into say, a risk-free asset (a bond) and a risky asset (stocks) as in [7] . Let the return on investments process be:
where r is the risk-free interest rate, so that R t = rt implies that one unit invested now will be worth e rt at time t; W 2 is another one-dimensional Brownian motion independent of the surplus-generating process P and σ 2 is the volatility of the stock price, so that the diffusion term σ 2 W 2 accounts for random fluctuations in the investment returns. Equation (5) is actually the famous Black-Scholes option pricing formula according to which the price of a stock is assumed to follow the stochastic differential equation
where Y 0 is the stock price at t = 0. The process Y is a geometric Brownian motion. The solution to (6) is 165 the value of the stock at time t and is given by
The risk process is therefore made up of a combination of the surplus-generating process compounded by proportional reinsurance (2) and the investment-generating process (5). Thus, the insurance portfolio is represented by the risk process U k = {U k t } t∈R + which has dynamics
A reinsurance strategy k is said to be admissible if it is F t -progressively measurable and takes values from the set R = [0, 1]. Thus, given an admissible reinsurance strategy k ∈ R, and assuming that the mutually independent processes P and R belong to the rather general class of semimartingales, then under some weak additional assumptions the risk process U k is mathematically the solution of the linear SDE where U k 0 = u > 0 is the initial surplus of the insurance company, P k t is the basic insurance (or surplus-generating) process in equation (2), R t the investment-generating process in equation (5) and U k t − denotes the insurer's surplus (incorporating both proportional reinsurance and investments) just prior to time t. Paulsen [26] , gave the solution of (8) as
where
is the geometric Brownian motion so extensively used in mathematical finance and is the solution of the 169 SDE dR t Itô = rR t dt + σ 2 R t dW 2,t , with R 0 = 1.
170
Since both P and R have stationary independent increments, U t is a homogeneous strong Markov 171 process. We define the value function of this optimization problem as
where ψ k (u) is the ultimate ruin probability under the reinsurance policy k when the initial surplus is u
173
and τ k = inf{t > 0|U k t < 0} is the time of ruin, with τ k = ∞ if U k t remains positive. Then the objective is to find the optimal value function, i.e., the minimal ruin probability
and the optimal policy k * such that ψ k * (u) = ψ(u), considered optimal if k * minimizes the ruin probability.
Since the ultimate survival probability
, we may alternatively 177 find the value of k * which maximizes φ(u), so that the optimal value function becomes
HJB, Integrodifferential and Integral Equations
179
In this section, we derive the HJB equation for the problem and the corresponding integrodifferential and integral equations. Since the investment-generating process R t follows (5), it follows that under weak assumptions the ruin probability ψ(u) is twice continuously differentiable on (0, ∞) and is a solution to the equation (see [27] )
where Ag
The integrodifferential operator (13) 
is the survival probability.
188
We now present the HJB equation for this optimization problem.
189
Theorem 2. Assume that the survival probability φ(u) defined by (11) is twice continuously differentiable on
Proof. See [28] .
193
The function φ(u) will satisfy the HJB equation (15) will be assumed to be strictly increasing. This is consistent with the smoothness assumption and the
196
intuition that the more wealth there is (through investment), the higher the probability of survival of the 197 insurance company. It will also be assumed that φ(u) is concave. To ensure smoothness and concavity, the 198 claim density function must be locally-bounded [7] .
199
The following verification theorem, whose proof is similar to that of Theorem 2 in Kasumo et al.
[23],
200
is essential for solving the associated control problem as it leads to the integrodifferential equation for the 201 problem.
202
Theorem 3. Suppose Φ ∈ C 2 is an increasing strictly concave function satisfying the HJB Equation (15) subject to the boundary conditions
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for 0 < u ≤ ∞. Then the maximal survival probability φ(u) given by (11) coincides with Φ. Furthermore, if k * satisfies
, then the policy k * is an optimal policy, that is,
204
The integrodifferential equation for the survival probability φ(u), which follows immediately from Theorem 3, is of the form Aφ(u) = 0 (since, by (14), φ(u) = 0 for u < 0), where A is the infinitesimal generator (13) of the underlying risk process, that is,
for 0 < u ≤ ∞. (17) can be rewritten as
for 0 < u ≤ ∞. Equation (18) kind (VIE-2) to be used in this study. This leads to the following theorem which is our main result.
207
Theorem 4. The integrodifferential equation (18) can be represented as a VIE-2 1. For the case without diffusion (i.e., when σ 2 1 = σ 2 2 = 0), the kernel and forcing function are given, respectively, by 2. For the case with diffusion (i.e., when σ 2 1 + σ 2 2 > 0), the kernel and forcing function are, respectively, Setting k = 1 in both of the above cases gives the VIE-2 for the case without reinsurance, while setting σ 2 2 = r = 0 212 leads to the VIE-2 for the case without investments.
213
Proof. Integrating Equation (18) by parts with respect to u on [0, z] gives
Evaluating the third term in (22) by integrating by parts yields 
The above is obtained by simplifying the double integrals in the last two terms by using integration by 217 parts again and switching the order of integration using Fubini's Theorem [29] . Recall that F(0) = 0 and 218 F(x − ) = F(x) for x ∈ R, F being absolutely continuous with respect to Lebesgue measure. Thus, further 219 simplification yields
where Equation (25) can be written as
which is a VIE-2. Replacing x with kx gives the kernel and forcing function as
This is simply Equations (19) and (21) (the diffusion case). The case without diffusion is really the
223
Cramér-Lundberg model with a reinsurance retention and a constant force of interest, that is, the IDE is
It is known that φ(u) = 0 for u < 0, and that lim u→∞ φ(u) = 1. Integrating (28) by parts on [0, z] with respect to u and replacing x with kx transforms the IDE into a VIE of the second kind with kernel and forcing function given, respectively, by
which is the case without diffusion (that is, when σ 2 1 = σ 2 2 = 0), as given by Equations (19) and (20) 225 above.
226
The following theorem has been proved in [30] for k = 1. 
Numerical Methods
230
This section discusses the numerical method to be applied in finding numerical solutions of the survival probability φ(u) using a fixed grid u = 0, h, 2h, . . .. The assumptions of Theorem 1 are assumed to hold throughout. For this to happen, by Theorem 4, it is necessary that Theorem 5 also holds. The numerical solution of the general linear VIE-2 where the kernel K(u, x) and the forcing function β(u) are known functions and φ(u) is the unknown function to be determined, is of the form
where φ i is the numerical approximation to φ(ih), K n,i = K(nh, ih), φ n = φ(nh) and α n = α(nh). 
238
Definition 2. (Order of convergence) A method is said to be of order q if q is the largest number for which there
239
exists a finite constant C s.t.
We need to show that the method we use converges and also establish its order of convergence. The Theorem 6. The block-by-block method is convergent and its order of convergence is four.
245
The proof of Theorem 6 is given by Linz [31] .
246
Remark 1. By Theorem 3.1 in [22] and from results in Chapter 7 of Linz [32] , it follows that for a fixed u so that nh = u, the solution satisfies
provided that g is four times continuously differentiable as is the case here by Theorem 2.4 in [22] . On the 247 other hand, for the block-by-block method |φ 2m+2 − φ 2m+1 | = O(h 4 ) as well. 
Numerical Results
249
We now present some numerical results and study the impact of the volatility of stock prices on the 250 ruin probability. We assume that the small claim sizes are exponentially distributed and the large ones are
251
Pareto distributed. The merits of using these two distributions for modelling insurance claims are briefly well articulated in [33] . The VIE (19) was solved using the fourth-order block-by-block method described 
261
A step-size of h = 0.01 was used throughout. All numerical simulations in this section were performed 262 using a Samsung Series 3 PC with an Intel Celeron CPU 847 at 1.10GHz and 6.0GB internal memory.
263
The block-by-block method was implemented using the FORTRAN programming language and taking Without loss of generality, we use the parameter values shown in Table 1 By Itô's formula, the infinitesimal generator for the process U k is given by
from which the VIDE corresponding to the survival probability φ(u) follows as 
283
Since the ruin probability is a function of the initial surpus u, we observe from Figure 1a that the 284 ruin probability reduces as the initial surplus increases. We also note that the higher the cession level 285 1 − k for QS reinsurance, the lower the ruin probability. From the results presented in Figure 1 , we see
286
that the lowest value of k that satisfies the NPC (4) and at the same time gives the minimal ultimate ruin 287 probability is 0.376. Thus, the optimal retention for QS reinsurance is k * = 0.376. This means that the 288 company should cede about 62.4% of its risks to a reinsurer. Example 2. Pareto distribution with λ = 2, α = 3, κ = 2, θ = 0.8, η = 0.5.
290
The ultimate ruin probabilities for large claims reduce more when QS reinsurance is applied to the 291 portfolio of risks as shown in Figure 1b . As for the small claim case, the optimal QS retention level in the 292 large claim case is k * = 0.376. Here we consider the case when σ 2 1 = σ 2 2 = 0, r > 0 and 0 ≤ k ≤ 1 which leads to the CLM compounded by proportional reinsurance and a constant force of interest
The survival probability satisfies the VIDE
which reduces to a linear VIE of the second kind with kernel and forcing function given in (20).
296
Example 3. Exponential distribution with λ = 2, β = 0.5, µ = 1.5, θ = 0.8, η = 0.5, r = 0.05.
297
The comments made under Example 1 apply here as well and the optimal QS reinsurance policy in 298 this case is again k * = 0.376 (see Figure 2a) . Example 4. Pareto distribution with λ = 2, α = 3, κ = 2, µ = 1.5, θ = 0.8, η = 0.5, r = 0.05.
300
The comments made under Example 2 apply to this case also. Again, the optimal QS reinsurance 301 policy is k * = 0.376 as shown in Figure 2b . 
Proportional Reinsurance in the Diffusion-Perturbed Model
When σ 2 1 > 0, σ 2 2 = r = 0 and 0 ≤ k ≤ 1, then we have the diffusion-perturbed model (DPM) compounded by proportional reinsurance
In this case, the associated VIE has kernel and forcing function given, respectively, by
. This is simply (21) with σ 2 2 = r = 0.
305
Example 5. Exponential distribution with λ = 2, β = 0.5, µ = 1.5, θ = 0.8, η = 0.5, r = σ 2 = 0, σ 1 = 0.001.
306
It can be seen from Figure 3a that k * ≈ 0.9 for u ∈ [0, 15] and k * = 0.95 for u > 15. It is expected that 307 when u is sufficiently large, it is optimal for the company not to reinsure, i.e., k * = 1.
308
Ruin probabilities Example 6. Pareto distribution with λ = 2, α = 3, κ = 2, θ = 0.8, η = 0.5, r = σ 2 = 0, σ 1 = 0.001.
309
For the large claim cases in the DPM, the ruin probabilities increase instead of reducing with the 310 application of proportional reinsurance, as can be seen from Figure 3b . We can therefore conclude that it is 311 optimal not to reinsure, i.e., k * = 1. 
Proportional Reinsurance in the Perturbed Model under Interest Force
313
This is the case when σ 2 1 > 0, σ 2 2 = 0, r > 0 and 0 ≤ k ≤ 1, then we have the DPM compounded by proportional reinsurance and a constant force of interest The corresponding VIE has kernel and forcing function given in (21) with σ 2 2 = 0. sizes the optimal QS reinsurance retention k * ∈ (0.85, 0.9) since the graph for k = 0.85 is slightly higher for 318 the first time than that for k = 0.9. Thus, the optimal policy is to reinsure 10% of the risks, i.e., k * ≈ 0.9.
319
Ruin probabilities 
320
For the large claim case in the DPM with interest force, Figure 4b shows that the optimal QS retention 321 k * ∈ (0.9, 0.95) since the graph for k = 0.9 is higher for the first time than that for k = 0.95. In this case, the 322 company should cede only about 5% of its risks to a reinsurer since k * ≈ 0.95. When we have stochastic return on investments, the model takes the form
Theorem 2, together with the integrodifferential operator (13), gives the corresponding 326 integrodifferential equation for the survival probability φ(u) as
for 0 ≤ u ≤ ∞, which is a second-order Volterra integrodifferential equation (VIDE). Repeated integration 328 by parts transforms this into a VIE of the second kind with kernel and forcing function as given in (21). 
331
This is the small claim case assuming that, in addition to purchasing noncheap proportional 332 reinsurance, the insurance company invests part of its surplus in risk-free and risky assets according to the 333 Black-Scholes options pricing formula. As shown in Figure 5a , the optimal QS retention k * ∈ (0.8, 0.85).
334
From the graph, we see that k * ≈ 0.85, meaning that the company should reinsure about 15% of its risks.
335
Ruin probabilities Example 10. Pareto distribution with λ = 2, α = 3, κ = 2, θ = 0.8, η = 0.5, r = 0.05, σ 1 = σ 2 = 0.001.
336
For the large claim case in the model involving investments of Black-Scholes type, k * ∈ (0.9, 0.95) as 337 shown in Figure 5b . In fact, k * ≈ 0.95. Figure 6 shows the effect of volatility of stock prices on the ultimate ruin probability. Evidently,
340
as stock prices become more volatile (that is, as σ 2 increases), the ruin probability also increases, and However, we also observe from Figure 6 that the ruin probabilities for large claims are much lower 348 than those for small claims. Overall, the results for the DPM show that in the small claim case the optimal policy is k * ≥ 0.85,
362
while in the large claim case it is k * ≥ 0.95. This means that an insurance company should reinsure up to 363 about 15% of its portfolio in the small claim case and only up to about 5% of its risks in the large claim case.
364
The reason for this difference is that since large claims are also extremal and therefore rare the company 365 can afford to retain more of its large-scale risks.
366
The results presented in this paper indicate that investment of the surplus plays an important role 367 in the survival of insurance companies as it significantly drives down the ultimate ruin probabilities.
368
Noncheap proportional reinsurance also has an impact on the minimization of the ultimate ruin referees for their valuable comments.
375
Conflicts of Interest:
The author declares no conflict of interest.
376
Abbreviations
377
The following abbreviations are used in this paper: 
